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[J.D. Murray, “Mathematical biology”, Springer]
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Advection-Reaction-Diffusion

passive limit — advection-reaction-diffusion equation
(no back-reaction of reactants on the velocity field)

0+ V - (ud) = DyV20 + 11(0)

@ 9(x,t) € [0,1] fractional concentration of products, normalized
temperature

@ u = u(x,t) given velocity field
@ Dy molecular diffusivity
@ f(0) reaction term with characteristic time 7
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Reaction dynamics

u =0 = travelling-front solutions 6(x, t) = 6(x £ vyt)

0
leading edge
1
PUSHED
PULLED

0 -

X

@ pulled f(9)=0(1—-106) (FKPP - autocatalytic)

)
@ pushed f(0) = (1 — 0)e” ¥ (Arrhenius)
f(9) =0 for 6 < 6, (ignition)



The role of advection

R enhancement of front propagation
infinite reservoir IR speed with respect to the case u = 0
L o Vi > W

Berti Nice 2009 7/24



The role of advection

. L enhancement of front propagation
oo meeral speed with respect to the case u = 0
. v Vi >V

localized i.c.

quenching of the reactive process
due to the combined action of
advection and diffusion if ¢ < ¢,

Berti Nice 2009 7/24



The role of advection

. L enhancement of front propagation
oo meeral speed with respect to the case u = 0
. v Vi >V

localized i.c. quenching of the reactive process

due to the combined action of
advection and diffusion if £ < ¢,

— what is the critical size ¢; = (¢(U, Dy, ,0:)?
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e Ignition dynamics in compressible flow
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Localization approximation (1)

1D stationary compressible velocity field: | u(x) = Upsin (%¥) (U > 0)

the Lagrangian equation x = u(x) has...

(S) stable fixed points: x = +L, +3L,...,+(2n—1)L,...
(U) unstable fixed points: x =0,+2L,...,+2nL,...
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random walk among these points = lattice model
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Localization approximation (2)
we introduce:

Xp—+L Xn+0
On(t) = / O(x, t)dx = / 0(x, t)dx where § < L
X, )

n—l— Xn—

master equation for ¢,(1):

On(t + A1) =Y PAY6;(1)
j

PEO =1 -—2wat  PAY =PRI = wat
W = W(U, Dy) Brownian particle’s escape rate
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Kramers formula

A
0 = Oy (f'0) + 00529 EPE
o f(x) = — [ dxu(x potential
L%) in the low-noise limit & < 1:
W=rnc= %We_%fow

Position x

f(x) = Y%tcos (%) B=2%L p, -0
b

Xxo=(n—1)L xg=(2n+1)L = InW(Up, Do) ~ —p

[H. Risken “The Fokker-Planck equation”, Springer; J.P. Sethna “Entropy, order parameters, and complexity”, OUP]
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Reactive map
In presence of reaction:  6,(t + Af) = Gay (Zj P}ﬁ?e,(t))

For the ignition-type nonlinearity:

0 0<6<6,
GA’(H):{ 0+ (60— 0c)(1 —a)g e <0<1
|
0s
_as
(;é 04+
00 02 6 04 0.6 0.8 1

]
threshold value: 6 < 6. = no reaction

[Mancinelli et al., Physica D 185, 175 (2003)]
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e Numerical results
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Simulation settings

Numerical integration of the lattice reactive model with:
@ lattice spacing Ax =1
@ lattice size L, < 4-10*
@ time step At < 1072
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Simulation settings
Numerical integration of the lattice reactive model with:

@ lattice spacing Ax =1
@ lattice size L, < 4-10*
@ time step At < 1072

Localized initial condition 6,(0) = ©p:

1 for|n <%
° en_{ 0 for|n|>g
Analysis:
+0oo
° Q)= > 0(1) total burnt area (ideal fronts)
n=—oo
1 X
o vi(t)= 4 > [Oa(t + At) = 0n(1)] front speed
n=—o0
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Quenching phenomena

propagation — Q(t) ~2vst  forlarge t
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Quenching phenomena

propagation — Q(t) ~2vst  forlarge t
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This way it is possible to determine a critical length /. separating the
two regimes:

t<l; = 0(x,t—o00)—0 quenching
(>0 = 0(x,t— o0)— 1 propagation
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Dimensional scaling

relevant parameters: 7, W, 6,
Measure of the critical size /.:

(A) 7 =const, W variable

(B) W = const, 7 variable
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Dimensional scaling

relevant parameters: 7, W, 6,

Measure of the critical size /.:

(A) 7 =const, W variable

to = F(6e)VWr

(B) W = const, 7 variable
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Continuum limit: L, > Ax = 1 = pure reaction-diffusion with D = WAx2 = W
W=D,r, 0. = [(]=[Dr]"/?[F(6:)] = [Wr]'/?
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Dependence on the threshold concentration (1)

ansatz based on the physical hypothesis:

(i) F(6z) > 0 monotonically increasing with 6, € [0, 1]
i) F(6;) — 0when 6, — 0

(iii) F(6c) — oo when 6 — 1
(iv) F(0c) is analytic for 0, # 1
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= F(2)= a0+ 7= (1 P = ZO 2 Laurent exp. (z=1)

from the numerics...

im,1(1=2)*F(2) =0 for a>3 = F(2)=a+ %+ 55

z

imposing (ii): F(z=0)=0 = | F(2) = av% (1 + aa;()z%)
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Dependence on the threshold concentration (2)
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experiments A (t =10, 7 = 50) and B (W = 0.1, W = 0.25)



Front thickness

0(x < 0,1) = 1 (reservoir of burnt material) = front propagation

A

0 & x vWr  characteristic front width

x—vpt

FKPP: 6(x,t) ~ e % forx 2 ot

where Vo = 21/ Dp/7 and §g = v/ DoT



Different length scales
X vt

in the present case:  6(x,t) x e £ = measureof ¢

100 ¢

1 "/ —
?@/// &0 (FKPP)
F(6c)

0.1 . s . .
0 0.2 0.4 0.6 0.8 1
9(‘.

lc # & = quenching is not simply related to usual features of the front
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Conclusions

We studied the quenching phenomenon of ignition-type reaction dynamics in
a steady compressible flow.

@ Localization approximation = lattice model and efficient numerical
implementation.

£ < fe = 0(x,t — o0) — 0 quenching

@ Single critical length-scale ¢: { 05 fo— B(x.t — o) — 1 propagation

© Dimensional scaling: ¢, = F(6:)v' W, with F(6;) characterized by a
pole of order o =2in 6, = 1.

© Agreement with results in different configurations: pure reaction-diffusion
systems [Zlato§ 2005], and reactive transport systems in two-dimensional
incompressible velocity fields [Constantin et al. 2001,2003].
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Comparisons
2D ARD systemwith V-u=0and 7 > 74

a) shear flow (U) = ¢, ~ U
b) cellular flow (U) = ¢c ~ U'/4

[Constantin et al., Commun. Pure Appl. Math. 54, 1320 (2001); Vladimiriova et al., Combust. Theory Model. 7, 487 (2003)]
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Comparisons
2D ARD systemwith V-u=0and 7 > 74

a) shear flow (U) = fo ~ U ~ VDeflr
b) cellular flow (U) = ¢c ~ U4 ~ V/Deffr

... we observe (. ~VWr; W=W(l)

T3> 1a = 0 = D*V20 + 11(6); D = D(U)

a) shear flow D¢ ~ (2
b) cellular flow D¢ ~ U'/2

[Constantin et al., Commun. Pure Appl. Math. 54, 1320 (2001); Vladimiriova et al., Combust. Theory Model. 7, 487 (2003)]
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