
Phenomenology of elastic turbulence
in 2D polymer solutions

S. Berti 1, A. Bistagnino 2, G. Boffetta 2, A. Celani 3, S. Musacchio 2

1LSP, Université J. Fourier Grenoble I and CNRS, France

2Dipartimento di Fisica Generale, INFN and CNISM, Torino, Italy

3CNRS URA 2171, Institut Pasteur, Paris, France

Softflow 2009 - Complex and biofluids
Cargese, France



Outline

1 Elastic turbulence

2 Hydrodynamic model

3 DNS of elastic turbulence

4 Conclusions

Berti Elastic turbulence Softflow 2009 2 / 20



Outline

1 Elastic turbulence

2 Hydrodynamic model

3 DNS of elastic turbulence

4 Conclusions

Berti Elastic turbulence Softflow 2009 3 / 20



Viscoelastic fluids

Solutions of flexible long-chain polymers

C ∼ (1÷ 10)ppm in weight (dilute solutions)

τ ∼ (1÷ 10)s (slowest) relaxation time

Striking effects on flowing fluids

Wi ≡ Uτ
L Weissenberg number

Re ≡ UL
ν Reynolds number

Re ' 0; Wi � 1 ⇒ Elastic turbulence
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Some experimental results

• swirling flow between two parallel disks
• high m.w. polyacrylamide
• dilute solution in a viscous sugar syrup

Flow resistance

A. Groisman, V. Steinberg, Nature 405, 53 (2000)

Wi = 13
Re = 0.7

Snapshots of the flow

Spectra of velocity fluctuations
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Oldroyd-B model



∂tu + (u ·∇)u = −∇p + ν∆u + f +
2ην

τ
∇ · σ︸ ︷︷ ︸

feedback

∂tσ + (u ·∇)σ = (∇u)T · σ + σ · (∇u)︸ ︷︷ ︸
stretching

− 2
τ
(σ − 1)︸ ︷︷ ︸

relaxation

where...

σij ≡
〈Ri Rj 〉

R2
0

polymer conformation tensor

R = (R1, ..., Rd ) polymer end-to-end separation

R0 radius of gyration
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Viscoelastic Kolmogorov flow (1)

Let us consider a 2D parallel flow

f = (F cos(y/L), 0) Kolmogorov forcing

Laminar fixed point:

u = (U0 cos(y/L), 0)

σ =

 1 + τ2 U2
0

2L2 sin2 (y/L) −τ U0
2L sin (y/L)

−τ U0
2L sin (y/L) 1



F = [νU0(1 + η)]/L2; Wi ≡ U0τ
L ; Re ≡ U0L

ν(1+η)
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Viscoelastic Kolmogorov flow (2)

G. Boffetta, A. Celani, A. Mazzino, A. Puliafito, M. Vergassola, J. Fluid Mech. 523, 161 (2005)
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Flow resistance and momentum budget

P = 〈f · u〉 power injection

Plam =
U2

0 ν(1+η)

2L2 ; 〈ux 〉 = U cos(y/L), 〈σxy 〉 = −Σ sin(y/L) for KF

r ≡ P
Plam

= FL2

ν(1+η)U

E` ≡ Wi
Re = 64; Wi = τU/L; Re < 0.48

τ = 4; L = 1/4; ν(1 + η) = 1

∂yΠR = ∂y (Πν + ΠP) + fx

ΠP ≡ 2νη
τ

〈σxy 〉; Πν ≡ ν∂y 〈ux 〉
ΠR ≡ 〈ux uy 〉 = U2 sin(y/L) (numerical obs.)

FL = U2 + νU
L + 2νη

τ Σ

U2
FL < 10−2 =⇒ the “turbulent” stress is due to elasticity
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Chaotic flow (1)

Snapshots of the vorticity field

Wi = 21.3 Wi = 31

◦ ωmax = U/L

• ωmin = −U/L

The flow develops active modes at all the scales
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Chaotic flow (2)

Spectra of velocity fluctuations
in the turbulent-like states

Wi = 21.3

Wi = 31

E(k) ∼ k−α

3 < α < 4

Elastic turbulence corresponds to a smooth chaotic flow
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Mixing: Lagrangian Lyapunov exponent

λL ≡ lim
t→∞

lim
|δx(0)|→0

1
t

ln
|δx(t)|
|δx(0)|

G(γ) : Pt(γ) ∼ e−t G(γ)

Lyapunov exponent Cramer function

Wi = 18.4

Wi = 24.2

Wi = 31
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Conclusions
The basic phenomenology of elastic turbulence is reproduced in 2D.
For Wi > Wic ∼ 10:

1 the flow resistance grows with respect to the laminar case;

2 the flow displays features of a strongly non-linear state;

3 the Lagrangian Lyapunov exponent is positive and grows with Wi ; the
distribution of its fluctuations becomes asymmetric.
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KF in the lab

Experiment by A.M. Batchaev, V.A. Dovzhenko
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Cholesky decomposition

Numerical integration:

2D Oldroyd-B ⇒ ω, σ11, σ22, σ21 = σ12

σ is positive definite =⇒ σ = LLT

L is a lower triangular matrix:
`11 =

√
σ11

`21 = σ12√
σ11

= σ12
`11

`22 =

√
σ22 −

σ2
12

σ11
= detσ

`11

→ ˜̀11 = ln (`11)
→ ˜̀21 = `21

→ ˜̀22 = ln (`22)

˜̀ij → `ii = e ˜̀ii ; `ij = ˜̀ij → σ = LLT

T. Vaithianathan, L. R. Collins, J. Comp. Physics 187, 1 (2003)
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Polymer statistics
laminar behaviours:

〈trσ〉 = 2 + Wi2
4

Σ = Wi
2

The PDF of trσ shows elongations up to 15〈trσ〉 with a distribution that, for
strong elongations, becomes independent of Wi .
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