Effects of discreteness on population
persistence in an oasis

Stefano Berti', Massimo Cencini?, Davide Vergni®, Angelo Vulpiani*?2

' Laboratoire de Mécanique de Lille, CNRS FRE 3723, Université Lille 1, Lille, France
2 |stituto dei Sistemi Complessi, CNR, Rome, ltaly
3 Istituto per le Applicazioni del Calcolo, CNR, Rome, ltaly
4 Dipartimento di Fisica, Universita “La Sapienza”, Rome, ltaly

XXIV ICTAM - Fluid active matter symposium
22/8/2016 Montreal, Canada



Reaction-diffusion systems and population dynamics

e Biological/chemical processes often involve the dynamics of discrete
entities (molecules, organisms,...)

In population dynamics, individuals spread in space, interact,
reproduce, die.
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Reaction-diffusion systems and population dynamics

e Biological/chemical processes often involve the dynamics of discrete
entities (molecules, organisms,...)

In population dynamics, individuals spread in space, interact,
reproduce, die.

e When the density of particles is large a macroscopic description in terms of
continuous fields is appopriate; the dynamics of the population density field
P(x,t) can be modeled by a reaction-diffusion equation.

o If the density of particles is not very large the discrete nature of the
population cannot be neglected and the continuous description is no
longer accurate.

[Durrett and Levin, 1994; Brunet and Derrida, 1997; Doering et al., 2003; Tél et al., 2005; Geyrhofer and Hallatschek, 2013]
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Population persistence and demographic stochasticity

e Determining the conditions for persistence, or estimating the probability
of extinction of species and populations, is essential in population biology.

e Demographic stochasticity, associated to the random occurrence of birth
and death events, is one of the most important factors influencing extinction.
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Population persistence and demographic stochasticity

e Determining the conditions for persistence, or estimating the probability
of extinction of species and populations, is essential in population biology.

e Demographic stochasticity, associated to the random occurrence of birth
and death events, is one of the most important factors influencing extinction.

Individual-based reaction-diffusion model

@ System of particles diffusing in space and interacting when they get
within a given interaction distance.

@ Heterogeneous habitat: favorable region surrounded by hostile
environment.

@ Role of demographic stochasticity and discreteness on extinction
dynamics (population persistence).
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Continuous KiSS model

oP O*P

0 L x

P(x,t) population density field
D diffusion coefficient, r intrinsic growth rate, K carrying capacity

[Skellam, 1951; Kierstead and Slobodkin, 1953]
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Continuous KiSS model

L <L, = extinction

¢ Persistence depends on the patch size L: { L>L, = survival

Close to extinction: P <« K, linear growth term r P

2
Eigenvaluesof L=Dd2 +r: \p=r [1 - (%) 1 ,n=1,2, ..

Population growth: A\ >0 = |L> L, = m/g critical patch size

used in conservation biology (generalizing the model)
[Diamond and May, 1976; Cantrell and Cosner, 1998, 1999]

[Skellam, 1951; Kierstead and Slobodkin, 1953; Okubo and Levin, 2001; Ryabov and Blasius, 2008]
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¢ Persistence depends on the patch size L: { L>L, = survival

Close to extinction: P <« K, linear growth term r P

2
Eigenvaluesof L=Dd2 +r: \p=r [1 —-n? (LLC> 1 ., n=1,2,..

/D " .
Population growth: A\ >0 = |L> L. == " critical patch size

used in conservation biology (generalizing the model)
[Diamond and May, 1976; Cantrell and Cosner, 1998, 1999]

e Nondimensional formulation:
t—rt, x—>x\/r/D, 6 =P/K

2
% = % +6(1—-0); Lc— L;=m (critical patch size)

[Skellam, 1951; Kierstead and Slobodkin, 1953; Okubo and Levin, 2001; Ryabov and Blasius, 2008]
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Discrete KiSS model

e Requisite: FKPP dynamics (logistic growth) for large numbers of particles
00 020
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Discrete KiSS model

e Requisite: FKPP dynamics (logistic growth) for large numbers of particles
00 020

a1 D8 5> +ro(1-10)

o Autocatalytic reaction A+ B -5 2B

00,4 526
8t —DA aX: —I’@AQB
o0 526
8:’ = Dg ax2B +r0a08

with D4 = Dg =D and 64+ 0 = 1
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Discrete KiSS model

e Requisite: FKPP dynamics (logistic growth) for large numbers of particles
00 020

o Autocatalytic reaction A+ B -5 2B

00 020
Bt = Dagxe ~10als
00 020
Bt = Do g + 1 0ls

with Dg = Dg =D and 04+ g = 1

e Discretization:

Onm s N, particles of type A e auxiliary/nutrient
AB Ng particles of type B e species feeding on A

with N = N + Ng fixed
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Discrete KiSS model

)

B Ja;rticle A pEIrticle

»
.

0 L *

[Berti et al., 2007; Berti et al., 2015]
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Discrete KiSS model

4
P(L)y=0
000 000 © © 00 00000 o 00
B Ja;rticle A pEIrticle
movement: X, = V2D7n,; a=1,..,N
0 L z

[Berti et al., 2007; Berti et al., 2015]
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Discrete KiSS model

L )
P(L)y=0
2R
o0 ® 000 o @ o0 o000O ® 00
B particle A particle
movement: X, = V2Dno; a=1,...,N
interaction term r 6,05 :
. ng(Xa; R) ng(Xa; R) N
A — Bwith Wyg = = o
— b wi AB r naV(R) r 2Rp P L
0 L T

[Berti et al., 2007; Berti et al., 2015]
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Discrete KiSS model

boundary cond.:

3

2R

)

boundary cond.:

(LN
reflection of A ?' .e ¢ 60 Exaan nee reflection of A
absorption of B B pal‘ticle A part icle absorption of B
replacement by A replacement by A
movement: X, = V2Dno; a=1,...,N
interaction term r 6,05 :
A Buwith Wyg — r 180 R _ me(xaiR) - N
nav(R) 2Rp L
0 L T

S. Berti

[Berti et al., 2007; Berti et al., 2015]
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Numerical simulations: continuous vs discrete model
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Numerical simulations: continuous vs discrete model

09

08k - L=6 | i.c.: N/2 particles of each type
s | Al ¢ N=10°| uniformly distributed
06t : 4 R=01(1/p<R<L)
=~ 05t . 1 N> 20
z
04t I At =10—* (vV2DAt < R)
03¢} |
0.2 F g averages over many realizations nr
041 f Caontinuum
P " . DISCFE?G e )
0 1 2 3 4 5 6

X

continuous = 6=0 unstablefor L > L,
discrete = N =0 absorbing, always reached

demographic stochasticity

Main difference: {
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Biomass and the quasi-stationary state
N, L large = quasi-stationary state

Continuous biomass:

L
Be(t) = | /0 o(x. ) By = lim Be(®)

Discrete biomass (conditioning on survival):

5 = ("0 ): aa) = (NN - 5F)

10° N e
(a) . {b)
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Biomass versus patch size

10°

N=20 L] N=1000 =& <+ Ay solid line

N=100 = continuum v

102 10"
L-L

Bgs average biomass in the quasi-stationary state

B long time limiting biomass in the continuum

L — Lc: Bgs ~ const > B = departure from continuum limit (N-dependence)

L> Lc: Bgs — BZ for N large enough (and diverging as L — Lc)

2
B (L)y= X =1- (LC) by mean-field argument

L
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Extinction/survival transition

e Continuous KiSS model:
L > L, = Population persistence

L < L; = Population extinction

e Discrete KiSS model:
Extinction can happen also for L > L,

How does the extinction/survival transition manifest?
o0

Average time to extinction: T, :/ Ps(t)dt
0

where Pg(t) is the survival probability

[Lande, 1993; Redner, 2001; Nasell, 2001; Doering et al., 2005; Ovaskainen and Meerson, 2010]
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Average time to extinction

10% :
10°
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10 10° 10° 10t
N

Extinction region (L < L¢):

continuum Bg(t) ~ be~ M1t with b = const, for large t
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Average time to extinction
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1
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Average time to extinction
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o0 . . . nr = (500 — 5000)
10 10° 10° 10t

Extinction region (L < L¢):
continuum Bg(t) ~ be~ M1t with b = const, for large t

. — 1 .
discrete Bg(Te) ~ 1/N — extinction = Te ~ o] log N + b’ with b’ = const
1

Survival region (L > L¢):
Pas(Ng) o< 1/on exp [—(NB - <NB>2)/(20,2V)] ; extinction: Ng ~ 1 — 0, Te ~ 1/Pgg(Ng — 0)
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Average time to extinction
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Transition (L = L¢):

\ Te ~ N7, ~ = 0.565 \
10°

ke
10
1 L=Lc+ 5L
Te~ —logN + b ot
[A1] 6L = —0.3,—0.1, —0.02,0,0.02,0.1,0.3
o0 . . . nr = (500 — 5000)
10 10° 10° 10t

Extinction region (L < L¢):
continuum Bg(t) ~ be~ M1t with b = const, for large t

. — 1 .
discrete Bg(Te) ~ 1/N — extinction = Te ~ o] log N + b’ with b’ = const
1

Survival region (L > L¢):
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Conclusions

Individual-based reaction-diffusion system of ecological interest that recovers the KiSS model in
the continuum limit.

0 Population extinction is always possible, even where the continuum model predicts
persistence, due to demographic stochasticity. The time taken by the system to be
absorbed can be very long (for large N and L) and a quasi-stationary state can be reached.

e For L > L¢, Bgs — B only if N is large enough, otherwise the link between the
continuum and discrete biomasses ceases to exist; when L — L. the number of individuals
required to attain the continuum limit diverges.

@ The extinction/survival transition translates into a transition from logarithmic to exponential
behavior of the average time to extinction; at the transition: power-law behavior Te ~ N7
with 0.5 < v < 0.6.

S. Berti, M. Cencini, D. Vergni, A. Vulpiani, Phys. Rev. E 92, 012722 (2015)
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Mean-field argument for continuum biomass

o0 9% 920

E:W+9(1 9) ﬁ‘f—e( 9)

with @ the steady-state spatially averaged value

First eigenvalue: \j = Ay — 0

Stationary solution A} = 0 = § = \s; at stationarity = B







Gaussianity of the distribution of Ng particles

10°

N=20 - N=1000
N=100 continuum
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standard deviation of biomass in QS state:
—1/2
forlarge Land N, o3, ~ N /
on = Nopyg ~ N'/2 for B particles

suggests a Gaussian distribution of Ng
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Mean extinction time versus oasis size

B N = 1000
A N =100
e N =40

nr = (500 — 5000)

From the continuous model dynamics:

2
when L < L, Te is mainly controlled by Ay =1 — (LLC)
Tom 1 logN+b = |Tom -5 logN

e |)\1 | g e Lg . L2 g







Effects of changing the microscopic model’s rules
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Effects of changing the microscopic model’s rules
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different continuum limit



